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Abstract. Recently, different Forgetting approaches for knowledge bases ex-
pressed in different logics were proposed. It was shown, that the result may not
exist in the presence of terminological cycles and sufficient, but not necessary
conditions for its existence in &L were proposed. In this paper, we show that a
uniform interpolant of any &L terminology w.r.t. any signature always exists in
&L enriched with least and greatest fixpoint constructors and show how it can be
computed by reducing the problem to the computation of Most General Subcon-
cepts and Most Specific Superconcepts for atomic concepts. Moreover, we give
the exact conditions for the existence of a uniform interpolant in £ and show
how it can be obtained using our algorithms.

1 Introduction

The importance of non-standard reasoning services supporting knowledge engineers in
modelling a particular domain or in understanding existing models by visualizing im-
plicit dependencies between concepts and roles was pointed out by the research commu-
nity [3l], [Sl]. An example of such reasoning services supporting knowledge engineers in
different activities is the uniform interpolation. In particular for the understanding and
the development of complex knowledge bases, e.g., those consisting of general con-
cept inclusions (GClIs), the appropriate tool support would be beneficial. However, the
existing approaches to uniform interpolation and some structurally similar reasoning
problems either do not consider GCls, since the result may not exist in the presence
of terminological cycles, or rely on sufficient but not necessary termination conditions.
E.g., decomposing EL knowledge bases into logically independent modules [8§] is re-
stricted to role-acyclic &L TBoxes; uniform interpolation in a Horn extension of EL[9]]
is based on acyclicity conditions; Colucci et al.[S]] present a framework for non-standard
reasoning services based on Tableau extended with variable substitution by modelling
the problems as second-order concept expressions. However, termination and decidabil-
ity of the satisfiability of the corresponding formulas remained open. Wang et al.[13]
propose an approach to uniform interpolation in ALC w.r.t. general terminologies by
encoding ALC TBoxes as concepts, which is not applicable in case of EL. Currently,
the exact conditions for the existence of uniform interpolation in &£ remain undeter-
mined.

Clearly, the existence of the results for such reasoning problems is closely related
to the notion of fixpoint semantics. For instance, Baader [2] shows that the structurally
similar problems of computing Least Common Subsumer and Most Specific Concept
can always be solved in cyclic classical TBoxes w.r.t. to greatest fixpoint semantics.



Similar results were obtained for general &£ TBoxes with descriptive semantics[11] ,
however extended with the greatest fixpoint constructor (6£,). In this paper, we extend
the above results by showing that uniform interpolants preserving all &£ consequences
of general £L terminologies w.r.t. an arbitrary signature can always be expressed in
an extension of &L with least fixpoint and greatest fixpoint constructors u, v as well
as the disjunction used only on the left-hand side of concept inclusions. We propose
the algorithms for computing such uniform interpolants based on the notion of most
general subconcepts and most specific superconcepts.

In the usual application scenarios it is rather useful to obtain uniform interpolants
expressed in the DL of the original terminology instead of introducing additional lan-
guage constructs. Therefore, in addition to the above algorithms, we derive the existence
criteria for uniform interpolants in £L (i.e., expressed without the above extension) and
show how such a uniform interpolant can be obtained using our algorithms.

2 Preliminaries

Let N¢ and Ng be countably infinite and mutually disjoint sets of concept symbols and
role symbols. An EL concept C is defined as

C = ATICnC|Ar.C

where A and r range over N¢ and Ng, respectively. In the following, we use symbols
A, B to denote atomic concepts and C, D to denote arbitrary concepts. A terminology
or TBox consists of concept inclusion axioms C E D and concept equivalence axioms
C = D used as a shorthand for C C D and D C C. While knowledge bases in general
can also include a specification of individuals with the corresponding concept and role
assertions (ABox), in this paper we abstract from ABoxes and concentrate on TBoxes.
The signature of an &L concept C or an axiom «, denoted by sig(C) or sig(a), respec-
tively, is the set of concepts and role symbols occurring in it. The signature of a TBox 7,
in symbols sig(7"), is analogously N¢ U Ng. In what follows, we denote the set Nc U{T}
as N¢.

Before introducing the fixpoint operators, we recall the semantics of the above in-
troduced DL constructs, which is defined by the means of interpretations. An interpre-
tation 7 is given by the domain 4% and a function -7 assigning each concept A € N¢
a subset A” of 47 and each role r € Ng a subset ¥ of 47 x 4. The interpretation of
T is fixed to 47. The interpretation of an arbitrary &£ concept is defined inductively,
ie,CnDY =c'nDfand @r.C) ={x]| (x,y) e rf,y € CT}. An interpretation J
satisfies an axiom C T D if Cf ¢ D?. T is a model of a TBox, if it satisfies all of its
axioms. We say that a TBox 7 entails an axiom e, if « is satisfied by all models of 7.
In combination with fixpoint constructors, we will additionally use concept disjunction
C U D, the semantics of which is defined by (C U D) = Cf u D’

We now introduce the logics L), a fragment of monadic second order log-
ics that we use to compute uniform interpolants of general &L TBoxes. EL,), is an
extension of EL by the two fixpoint constructors, vX.C, [11] and uX.C, [4]. X is an
element of the countably infinite set of concept variables Ny and C,, C,, are constructed



as follows:

C, == XA|TIvX.C,|C, 1 C,|3r.C,

Cy = XA T|uX.C,IC, U C,IC, M Cyl3Ar.Cy

where A ranges over atomic concepts and X ranges over Ny. All EL, concepts and all
&L,y concepts are closed C, and C,, expression, i.e., all concept variables are bound
by the corresponding fixpoint constructor. Note that we define £L, concepts and all
&L,y concepts in such a way, that no concept can contain both fixpoint constructors,
i.e., we do not combine the two constructors within concepts. The semantics of the
fixpoint constructors is defined using a mapping ¢ of concept variables to subsets of
A% For an 8L, concept C and W C 4%, we denote a replacement of X by W as
CTIX=WI The semantics of &L, concepts is defined by

(VX.C)I’ﬁ = U{W c AI|W c C],z‘)[X—»W]}

WX.C)"" = ﬂ{W C AT |CTIX=W oy,

In order to allow for more succinct concept expressions, we use an extended version
of the fixpoint constructs allowing for mutual recursion [12], [L1]. The extended con-
structors have the form v;X;...X,,.C, 1, ..., Cy,, and u; X;...X,,.C 1, ..., C,, With 1 < i < 1.
The semantics is defined as

ViX1.. X1, oy CYFY = U{W,}

UiX1. X 1o C)T = () (W)

such that there are Wy, ..., Wi_1, W1, ..., W, with respectively W; C C;— DX = Wi

and ¢ T "Wl wiforl < j<n

Xu— Wl

3 TBox Inseparability and Uniform Interpolation

Intuitively, two TBoxes 7 and 7, are inseparable w.r.t. a signature 2 if they have the
same 2’ consequences, i.e., consequences whose signature is a subset of 2. Depending
on the particular application requirements, the expressivity of those 2 consequences
can vary from subsumption queries and instance queries to conjunctive queries. In this
paper, we investigate forgetting based on concept inseparability of general EL termi-
nologies defined analogously to previous work on inseparability, e.g., [10] or [9], as
follows:

Definition 1. Ler 71 and T, be two general EL TBoxes and X a signature. T1 and T
are concept-inseparable w.r.t. X, in symbols T =5 T, if for all EL concepts C, D with
sig(C) U sig(D) C 2 holds T ECC D, iff 7, E CC D.

Given a signature 2" and a TBox 7, the aim of uniform interpolation or forgetting is
to determine a TBox 7 with sig(7") € X such that 7 =§. 7. 7" is also called a
Uniform Interpolant (UI) of 7 w.r.t. 2. As demonstrated by the following example, in
the presence of cyclic concept inclusions, a UI might not exist for a particular 7~ and a
particular 2, i.e., it might be not expressible as a finite set of finite axioms using only
the language constructs of &L and the signature 2.



Example 1. Forgetting the concept A inthe TBox 7 = {A’C A,AC A”,AC drA,ds.AC
A} results in an infinite chain of consequences A’ © 3r.3r.3r....A” and Is.3s.35... A" C
A” containing nested existential quantifiers of unbounded depth.

Clearly, if the TBox in the above example is interpreted w.r.t. descriptive semantics,
no most specific superconcept of A’ exists, while it can be easily expressed using the
greatest fixpoint constructor v thereby resulting in an inclusion axiom A’ C vX.(A” N
Jr.X). The most general subconcept of A” can be expressed accordingly by the means
of the least fixpoint constructor y, i.e., uX.(A” U ds.X) £ A”. In the following, we
show that the corresponding UI of 7~ w.r.t. 2 for any &L TBox 7 and any signature
2 can always be expressed in EL,),. For this purpose, we reduce the problem of
computing Ul to the problem of computing most general subconcepts MGS(X, T, A) and
most specific superconcepts MSS(2, 7, A) for each concept A € sig(7).

Definition 2. Let T be an EL TBox and X a signature. Further, let A € Nc and C,C; a
set of EL concepts. C = MSS(T",2, A) if the following conditions are fulfilled:

- sig(C) € 2,
— forall X concepts D holds T EACDifT ECE Dy

li<i<n Ci = MGS(T, 2, A) if the following conditions are fulfilled:

- sig(Cy) € 2,
— forall X concepts D holds T = DEAfT EDEC | << Ci

Note that, if MGS(7,2, A) consists of several incomparable disjuncts C;, it cannot be
expressed by an &L concept. In the following, it will come into notice that this is
not further problematic for the computation of UlI, since the disjunction appears only
on the left-hand side and can therefore be expressed by the means of several inclu-
sion axioms. Analogously to MGS, we consider MSS as a conjunction using the notation
SUP(T,2,A) = {CiMSS(T,2,A) = [li<i<y Ci}. The corresponding notation for dis-
juncts C; within MGS is SUB(7, 2, A). If the TBox 7 and the signature 2’ do not change,
we omit them and simply write MSS(A), MGS(A), SUP(A) and SUB(A). For the remainder
of this paper, we fix 7 to be a general &L TBox and 2 a signature. Assuming that the
TBox is normalized as described in the next Section, we compute a UI given SUB(A)
and SUP(A) for each A € N¢ as follows:

Definition 3. UL(T, ) = U,<ic3 M; with

- M ={AC DA e NcnNZX, D e SUPA)}
- M, ={CC AJA e NcNX,C € SUB(A)}
— M3 ={C C D| thereis A € Nc N2, such that C € SUB(A) and D € SUP(A)}

If SUB(A) and SUP(A) can be uniquely determined for a particular TBox 7~ and signature
2, the TBox UI(7,2) is also uniquely determined. After introducing the normalization
and the formal properties of SUP and SUB, we will prove that UL(7,2) =5 7.



4 Normalization

In order to simplify the computation of SUB and SUP, we apply the following normal-
ization thereby restricting the syntactic form of 7°. Analogously to the normalization
employed in other approaches ([, [7], [9]), we decompose complex axioms into syn-
tactically simple ones. The decomposition is realized recursively by replacing expres-
sions B; M ... M B, and dr.B with fresh concept symbols until all axioms in 7~ have the
form:

- ACB
- A=B n..NB,
- A=3rB

where A, B, B; € N¢g U {T} and re Np. For this purpose, we introduce a minimal re-
quired set of fresh concept symbols A’ € Np and the corresponding definition axioms
(A’ = C) for each of them. In what follows, we assume that knowledge bases are nor-
malized and refer to Nc U Np as N¢. Since concept symbols in N are fresh, they do not
appear in 2 and are therefore elements of the forgotten signature ~. Further, we assume
that equivalent concept symbols have been replaced by a single representative of the
corresponding equivalence classﬂ The following lemma summarizes the properties of
normalized TBoxes.

Lemma 1. Any T can be extended into a normalized TBox T and each model of T
can be extended into a model of T~'.

Proof. All introduced concepts in Np are defined in terms of concepts with sig(C) C
sig(7"), therefore each model of 7~ can be extended into a model of 7.

5 Computing SUB and SUP for Acyclic Terminologies

Given an acyclic &L TBox 7 and a signature 2, Algorithms [I] and 2] compute for
each A € N¢ the elements of SUB(A) and SUP(A), respectively. The indirectly recur-
sive computation is derived from a Gentzen-style proof system relying on the above
specified normal form. Both algorithms proceed along the definitions for A in 7 as
well as the inclusions between atomic concepts entailed by 7. Depending on whether
or not a concept B referenced in those definitions and inclusion axioms is in X, the
procedure SUBr(B, A) (SUPr(B, A)) returns B itself, which is the basecase of the com-
putation, or calls SUBg(B) (SUPs(B)). The second parameter of SUBf is not relevant in
case of acyclic TBoxes, but it will become important for computations based on fix-
point constructs. It will be explained in Section [7] The functions REDUCE and REDUCE¢
eliminate redundancy within the computed results, which is not just an optimization,
but will also play an important role in proofs within the last section. The first of the two
functions expects as input a set of concepts and returns a subset of this set containing

! The elimination of equivalent symbols does not affect the correctness or completeness of the
uniform interpolation, since the removed symbols can easily be included into the resulting
TBox.



only incomparable concepts. The second function accepts a conjunction and returns a
conjunction consisting only of incomparable conjuncts. Both, REDUCE and REDUCE,
can be easily realized using standard reasoning procedures in &L, wWhich is known
to be decidable in ExpTime [4]].

Algorithm 1 computing SUBg (A) for an &L TBox 7 and a signature 2

: SUB « | JSUBR(D,A),D € Nc suchthat 7 EDC A

:forallA=[]_., B €7 do

SUB « SUB U {REDUCEC(TT,j<y COI(C1. ... C,)) € SUBR(By, A) X ... X SUBR(B,, A)}
: end for

: forallA=3r.Be7 do

SUB « SUB U {3r.C|C € SUB;(B,A),r € X}

: end for

: return REDUCE(SUB)

Algorithm 2 computing SUPg (A) for an &L TBox 7 and a signature 2
: SUP « |JSUPr(D,A),D € N} suchthat 7 F AC D
:forallA=[1].,B;j€7 do

SUP « SUP U {C|C € SUP£(B},A)}

: end for

: forallA=3r.Be7 do

SUP ¢ SUP U {I~.REDUCEc ([ Teesup, s.4) Ol € 2}

: end for

: return REDUCE(SUP)

It is easy to see that, in case of an acyclic TBox 7, both algorithms terminate, while,
in case of cyclic terminologies, the algorithms do not need to terminate. In Section[7] we
show how the termination for general TBoxes can be ensured by introducing fixpoint
constructs for concepts involved in terminological cycles with particular properties in-
troduced in the next section.

6 Graphs and Trees

To allow for a more intuitive understanding of the cases, in which Algorithms [T] and 2]
do not terminate, we introduce the following graphs representing the possible flow of
computation of SUB and SUP for a particular TBox 7~ (independent from a particular
signature).

Definition 4. The SUP- and SUB-graphs Asyp(7) and Asys(T") are defined as

— Asup(T) = (Tsyp, Q, Esyp) with the set of edge labels I'syp = Ng U {C}, the set of
states Q = N¢ and the set of edges Esyp = {(A,r, B)JA = Ar.B € T}U{(A,C,B)|T E
ALC B}, where A,Be Qandr € syp.



— Asue(T) = (I'sys, Q, Esur) with the set of edge labels I'syg = Ng U {3, M}, the set of
states Q = N¢ and the set of edges Esyg = {(A,r, B)JA = dr.B € T}U{(A,3,B)|T
A J BYU{A,M,B)JA = BN C € T for any conjunction C of elements from Q},
where A,B € Qand r € yp.

The two graphs can be constructed in linear time after the classification of the nor-
malized TBox is finished. The corresponding subgraphs Asyp(7,2) and Asys(7,2)
representing the computation of SUB and SUP for a particular signature 2 can then be
obtained from Asyp(7) and Asys(7 ) by omitting all outgoing edges of nodes in 2 as
well as all edges with labels not from X' U {E, 3, M}. Subsequently, concepts in 2 form
the leaves of the resulting graphs Asyp(7,2) and Asyp(7,2). For X € {SUB, SUP}, we
denote the set of the paths in Ax(7,2) from A to B as Lx(A, B) and the set of the
intersection-free but possibly cyclic paths as L;(A, B) , i.e., paths not passing any node
more than once. As illustrated by the example below, cycles in Asyp(7) and Asys(7)
do not necessarily coincide. Therefore, both graphs have to be analysed to determine
the sets L{,(A, B) and Ly (A, B).

Example 2. The corresponding SUB- and SUP-graphs of the normalized TBox 7~ =
{A| C B,A; = A;MA3,A3 C Ay, A = dr.B, A; = Ir.B} and the signature X' = sig(7") are
shown in Fig.

Fig. 1. SUB-graph (left) and SUP-graph (right) of 7.

Note that, since the nodes from X are leaves in Asyp(7,2) and Asyp(7, ), L)l( (A, B)
contains only paths formed by nodes of the signature . The presence of concepts with
L}((A, A) # () determines whether the computation of SUB and SUP specified for the case
of acyclic terminologies terminates. In the following section, we introduce concepts
with fixpoint constructs guaranteeing the termination in the presence of such cycles.

7 SUB and SUP based on Fixpoint Constructors

In the following, we show how SUB(A) and SUP(A) can be computed for cyclic TBoxes
based on Algorithms[T|and ] For this purpose, we now define the values of SUB£(A, B)



and SUP(A, B) for concepts in cycles, i.e., for any A € N¢ with LéUB(A,A) # 0 and
LéUP(A, A) # 0, respectively, in such a way that SUB(A) and SUP(A) are expressed by the
means of a (finite) set of £L,), concepts. In what follows, we denote the two sets of
concepts involved in cycles as EC,SUB = {A|LéUB(A,A) # 0} and EC,SUP = {AlLéUP(A,A) *
0}. For each A; € EC,SUP with 0 < i < nand each A; € fC,SUB with 0 < j < m,
we introduce two concept variables, one for being used in SUB(A) and one for SUP(A),
which we denote with X(A;) and Y(A ), respectively. The set of all introduced variables
is denoted by V, with x € {SUP, SUB}. Further, let C(A;) and D(A;) be concept expres-
sions possibly containing free variables from V,, defined as C(A;) = Mpesup, 4B and
D(A;) = Upesuss(a,)B. Given the values C(A;) and D(Aj) for each A; € EC’SUP and each

AJ € EC,SUB» we define

N(A4;) = viX(A))..X(A,).C(A}), ..., C(A,)
M(A}) = 1;Y(A1)...Y(Ap).D(A)), ..., D(Ap).

Since free variables are not allowed in the resulting SUB(A) and SUP(A) for any
A € N¢, we need to ensure that only the quantified fixpoint expressions, i.e., M(B) or
N(B) for any B € N¢, are included into SUB(A) or SUP(A) in Algorithms [T]and [2] For
this purpose, we realize two different levels of visibility within SUBr(A) and SUPg(A) by
the means of the second parameter B. This parameter points to the concept, from which
SUBr and SUPy are called and determines, which of the two visibility levels applies.
In case B is involved in the corresponding cycle, e.g., B € EC,SUP for A € EC’SUP, the
internal value of SUBr(A) and SUP£(A) is returned, which is given by the corresponding
variable Y(A)/X(A) and is only used to compute C(B) or D(B). For B outside the corre-
sponding cycles, we return the complete fixpoint expression in its quantified form, i.e.,
M(A)/N(A), which is then included into SUB(A) and SUP(A). Therefore, by the means
of this additional distinguishing, we ensure that all variables in the resulting SUB(A)
and SUP(A) for any A € N¢ are quantified. The full set of distinguishments realized by
SUPr(A, B) and SUBE(A, B) is given by:

AifAex
X(A) if A € Zcsup AifAeX
SUP£(A, B) = Belosw A Sesm
N(A) if A € Zc.ste, SUBL(A. B) = B €Zcsu
B¢ Scsuw M(A) if A € Zcsum,
SUPg(A) otherwise B ¢ Xcsur

SUBg(A) otherwise

Now we summarize the definition of SUP(A) and SUB(A) for the general case of
SUB(A) and SUP(A) in EL,w).-
Definition 5. Let A € N¢. The set of conjuncts for computing MSS(A) and the set of
disjuncts for computing MGS(A) in EL v,y in symbols SUPSLwwr (A) and SUBELxwv(A),

are given by SUP;(A, T) and SUBR(A, T), respectively, in case A € %, and by SUPg(A)
and SUBg (A), otherwise.



We denote the EL variants of SUP(A) and SUB(A) as SUP®“(A) and SUB®4(A). Given
an acyclic TBox, i.e., a TBox with z csug U z csus = 0, SUPLxvv(A) and SUBSLxwv(A)
computed as stated in Deﬁmtlon Icommde with SUP£(A) and SUBE£(A).

Theorem 1 (Termination). Let A € N¢. The computation of SUPL«» (A) and SUBELw» (A)
always terminates in at most exponential time.

Proof. We start with SUP(A) and show that the theorem holds for it. Assume that the
input is finite, i.e., 7 is finite and contains only finite concept descriptions.

1. Assume that X, csup = 0. Algorithm is called for each concept at least once. Since
Algorithm []itself only contains loops iterating on the input directly, it terminates,
if the input is finite and the call of SUPr(A’, A) for each A’ ocurring in the cor-
responding axioms terminates with a finite result. We can show by induction that
Algorithm 2| terminates for an arbitrary concept A:

— If A does not depend on other concepts as stated in Algorithm [2] the result is
empty and the algorithm terminates without any processing.

— If A only depends on concepts A’ from X' as stated in Algorithm [2} SUPr(A”)
returns A’ itself for each A’ and the algorithm terminates.

— If A only depends on concepts A’ from 2 or concepts B’, for which SUPg(B’)
terminates with a final result.

2. Now assume that > csup # 0. SUPp encapsulates all concepts in ) c.sup 1nto a single
computational unit with incoming edges from concepts referencing any concept in
z c.sup and outgoing edges to concepts referenced from any concept in Zcsup- These
two sets of referencing and references concepts are disjoint by definition, i.e., if a
concept directly or indirectly references ZC sup, 1t is not referenced from ZC Sup-
This simplifies the overall computation as follows:

— On the one hand, we can first compute N(A) forall A € X, c.svp and then consider
SUPs (A, B) for all B referencing :YC sup as another case, in which no further
computations are required and Algorithm 2] terminates for B.

— On the other hand, we can compute N(A) for all A € ZC sup independently
from concepts referencing X, c.sup by just considering dependencies to concepts
inZ c.sup and concepts not referencing ) c.sup- In this case, either B € x> c.sup and
the corresponding concept variable is returned, or the computation of SUP(B)
is acyclic and terminates as shown for acylcic terminologies.

Since the structure of SUBr and SUPf is analogous and SUByg also only contains
loops iterating on the finite input directly, the argumentation for SUB is identical. The
exponential time is due to the complex conjunction constructs introduced in line 3 of
Algorithm ] o

Theorem 2 (Correctness SUP and SUB). Let A € N¢. The computed SUPEL«v»(A) and
SUB®Luw (A) satisfy the conditions stated in Definition @

The proof of this theorem is the Section [A|of the appendix.

Theorem 3 (UI). Let SUP(A) and SUB(A) be computed according to Deﬁnition@ Then,
UL(T,2) is an ELy,, TBox, which always exists and it holds that UL(T,2) =

The proof of this theorem is the Section [B]of the appendix.



8 Existence of Ul in &L

Clearly, if SUPELwwr(A) and SUBL«v (A) coincide with SUPEL(A) and SUBS£(A) for all
A € N¢, in other words, if 7 does not contain pure > cycles, a UI in EL exists. This
would be a sufficient, but not necessary criterion for the existence of a UL. From Defini-
tion[3] we can deduce a very general form of criterion requiring the deductive closure of
any U]E] to contain an (arbitrary) finite &L justification for the set of all non-E L axioms
in the UL(7,2). Interestingly, if SUB and SUP are computed using Algorithms [I| and
[2] this criterion can be easily checked, since it is equivalent to a very simple criterion,
which is an immediate consequence of the following theorem:

Theorem 4 (Existence). Let UISL(7", X) be the subset of UL(T,X) containing exactly
the EL axioms of UL(T,2). Let T’ be an EL TBox with sig(T") € X such that T =5. T .
Then UIL(T,2) = 7.

The theorem claims that, if a finite EL justification for the set of all non-EL axioms
in UI(7,2) exists, it is already a subset of it. Subsequently, a Ul of 7 w.r.t. 2 in EL
exists, iff UI®£(7,2) E UL(T, 2). The proof of this theorem is based on the following
ideas. First, note that given the form of non-EL concepts present in SUP®L«w> and
SUB®Luw», there is no finite way to express a non-E£ axiom by the means of &£ and
2 without introducing new consequences or losing some consequences. To see this,
consider the concepts C; = puX.(A U Ir.X) and C, = vX.(A 11 Ir.X) , which are the
simplest possible non-EL concepts in SUBEL«w» and SUPEL«w | respectively, in case of
anormalized TBox 7 . There is no equivalent &L concept for C; or C5, but there might
be a superconcept of C; or a subconcept of C, which is an &L concept. For this reason,
the deductive closure of a Ul can only contain a finite &L justification for C; C C7,
where C is an arbitrary concept, if there is a more general EL concept C7’ such that
UI®4(T,2) E C7 C C, where UI®A(T, %) is the EL subset of UL(7", X). Analogously,
the deductive closure of a UI contains a finite &L justification for C, T C,, where
C} is an arbitrary concept, only if there is a more specific &L concept C such that
UIs{(7r,2>) e C, C C7'. We summarize these thoughts in the following lemma, which
is proved in Section [C| of the appendix.

Lemma 2. Let 7' be an EL TBox with sig(T") € 2 such that T’ =S. T. Further, let
A€ EC,SUP U fC,SUB with C; € SUB(A) and C, € SUP(A). Then there is an EL concept
C’ such that

- THEC=CrandT EC =C,
- UL(7,2) E C,CC" and UL(T,2) E C’' C C,.

Second, since {C; C C’',C’ C Cp} E C; C C, and any minimal justification of
{C;CC’',C’'C C,}inUL(T,2) does not contain C; C C», it holds that UI(7,2)\ {C; C
C,} E Cy C C,. Therefore, if 7 exists, each non-&EL axiom is redundant, i.e., it
could be removed from UI(7,2) without losing any consequences. In order to prove
Theorem [4] we additionally have to show that the dependencies between the axioms

in UL(7,X) \ UI®4(7, ) do not lead to a loss of equivalence between UL(7",X) and

2 The deductive closure is the same for any UI by definition.



UI4(7,2). This step is required, since in general it does not hold that 7\ {a,8} E T
if 7\ {a} 7 and 7 \ {8} E 7 due to possible dependencies between a and 3. For
the same reason, there can be different possibilities to eliminate redundancy in a TBox.
We now consider which kind of redundancy is possible in UI(7",2). By the means of
the functions REDUCE and REDUCE.~ we have ensured that the sets SUPEL«r(A) and
SUB®L«v(A) do not contain any redundancy. Therefore, it remains to consider the con-
struction of UL(7,2) using SUP(A) and SUB(A) for A € N¢ as stated in Definition
From the definition of MGS and MSS follows that the sets M/, M, in Definition 3| cannot
be redundant if the sets SUPE£«v»(A) and SUB®L«)»(A) contain only incomparable ele-
ments. Therefore, it remains to consider the redundancy introduces during the construc-
tion of M3. We denote by Px = {(C;, Cy)| there is A € Y s.t. C; € SUB(A), C, € SUP(A))
the set of all concept pairs relevant for the construction of M3 and the subset of P5 con-
taining the “redundant” concept pairs by R = {(Cy,C2) € P[UL(T,2)\ {C1 E C3}
C; C (). Le., R is the set of concept pairs that are potentially nonessential for the
construction of a UI due to entailment of the corresponding inclusion axiom by the re-
mainder of a UT if the axiom itself is omitted. Due to possible dependencies between
the elements of R, there may be several different maximal subsets M of R such that
UIL(7,2)\ {C| C C,|(Cy,Cr) € M} E UL(T,2). We denote the set of all such maximal
subsets of R as Ruax = {M|M C R, UL(T,2) \ {C; T C,|(C1,Cr) € M} E UL(T,2),
for all (C},C}) € Px\ M holds UL(7,2) \ ({C] E CJ} U {C; C (5|(C1,C) € M}) ¥
UI(7,2)}. The next lemma states that if a concept pair with at least one non-EL concept
is contained in one set M € Ryax, it is contained in all M € Ryyy.

Lemma3. Let A € Zcsyp U Zesus with Cy € SUB(A) and C, € SUP(A). Further let
M’ € Ruax such that (Cy,C,) € M'. Then for each M € Ryupx holds (C,C,) € M.

The proof of this theorem is the Section [C] of the appendix. Note that all concept
pairs with at least one non-EL concept are contained in the intersection of Ryay, iff
UI®4(77,X) = 7. As a consequence of the above two lemmas and the fact that for
any (C,C;) € R there exists at least one M € Rypy, it is sufficient to check whether all
concept pairs with at least one non-EL concept are contained in R to determine whether
the 7 in Theorem [l exists.

9 Summary

In this paper, we provided ExpTime algorithms for computing uniform interpolants of
general &L terminologies preserving all &L concept inclusions for a particular signa-
ture based on the notion of most general subconcepts and most specific superconcepts.
We showed that such interpolants can always be expressed in logic EL,,,—an ex-
tension of £L with least fixpoint and greatest fixpoint constructors u, v as well as the
disjunction used only on the left-hand side of concept inclusions. We also stated the
exact existence criteria for an EL interpolant and showed how it can be obtained from
the corresponding interpolant expressed in EL,(.,.
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A Proof of Theorem 2

The algorithms presented in this paper are based on Proof Theory. The used Gentzen-
stile proof system shown in Fig.[2]has been derived analogously to the proof system for
Horn-SH 7 Q terminologies presented in [7]. In principle, the proof system by Kazakov
can also be used in the subsequent proofs, however it requires a different normalization
(e.g., encoding all 3r.A T B as A C Vr~.B), which we prefer not to use for simplicity
reasons. Instead, we derive rules fitting our normal form. The proof system is sound and
complete for classification in logic ELH ,,, which is a Horn-extension of EL by role
inclusions and the range operator ran. For a role r, ran(r) can be used in concept inclu-
sion axioms in addition to the already introduced EL constructs. the reason for the proof
system being complete for ELH |, is the planned extension of the presented forgetting
approach to ELH,, in future work. Since the proof system is complete for classifi-
cation, an arbitrary subsumption between two non-atomic concepts is entailed by the
TBox 7, if it is derivable in the presented proof system after the corresponding defini-
tion for the non-atomic concept on the left- and the right-hand side of the subsumption
has been added to the TBox. It is easy to see that adding a definition for a concept
description C with sig(C) € sig(7") by introducing a fresh concept symbol yields a con-
servative extension of 7. In the following, we denote the resulting TBox after inserting
a definition for a concept C or a set M of concepts into 7~ and applying the normaliza-
tion to it as EXT(7", C) and EXT(7", M), respectively. SYM(C) denotes the corresponding
fresh concept symbol introduced to define C and DEF(C) denotes the concept D such
that SYM(C) = D € EXT(7, C). Note that DEF(C) is not necessarily syntactically equiv-
alent to C due to normalization. We further denote the set of all fresh concept symbols
introduced by the latter extension of 7~ as Np = sig(EXT(7, C))/sig(7"). Moreover, »<
denotes one of {C, =}. Until further notice, we use N¢ and N[. to refer to the signature
of 7~ (not the signature of EXT(7, C)).

Lemma 4 (Soundness and Completeness). Ler 7 be a normalized ELH,,, TBox,
A,Be N¢c. ThenT EACB, if T +AC B.

Proof. While the soundness of the proof system (if-direction) is readily checked for
each rule, the proof of completeness is more sophisticated. In order to show the only-
if-direction of the lemma, we assume for any A, B that 7 - A C B does not hold
and construct a model of 77, in which there is an individual a € AZ/BZ. The model is
constructed analogously to [1]:

— A = {AnNran(r)A € Ni,r € Ng} U {*}

- AT :=(Bniran(r) e 45|17 + Briran(r) C A, r € Ng} U {*}

- ={An ran(r;), B M ran(r;)) € A xANT rAC B Cred, rj €
Nr}U{(x,Amran(r)) € AL x AL, CreT)

The given interpretation is a model of 77, since it satisfies all its axioms:

— B| C B, € 7 are satisfied, since for each AMran(r) € B{ holds 7 + Anran(r) C B,
and, therefore A € B‘zr due to the rule GCI. To see this, consider the antecedent
9 +Anran(r) C By, B, C B, and the consequence 7 + A Mran(r) E B;.
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Fig. 2. Gentzen-style proof system for normalized ELH,, terminologies in the presence of GCls.

— Ay = Bl n..nB, € 7 are satisfied, since for each direction, Ay C Bl M ...M B,
and B1M...MB, C A; holds the same condition as above. For each A Mran(r) € A{
holds A Mran(r) € (B1 M ..M B’ again due to the rule GCI. For the direction
Anran(r) € (B1 M ..M B,)’ implies A Mran(r) € A7, we first obtain A M ran(r) €
Blf N...NBL, which implies 7 + Arran(r) C By, ..., Afran(r) E B,. By rule ANDR,
we obtain 7 + AMran(r) C Bl M...M B,, and by GCI follows 7 + AMran(r) E A;.
By definition of 7, A Mran(r) € AL

— B = 3r.B, € T is shown for each direction as follows. First, recall that (3r.B,)’ =
{al(a,b) € r',b € BL}. The argumentation for the direction B! C (Ir.B,)” is as
above. Using the rule GCI we obtain 7 + A Mran(r) E dr.B,, from which we
conclude that (A Mran(r), B, Mran(r)) € %, and since B, Mran(r) € B‘27 by definition,
we obtain A Mran(r) € (Ar.B,)’ . For the opposite direction, we first conclude from
C € (Ar.B,)” that there is B Mran(r) € B} such that (C, B M ran(r)) € r’. These
conclusions imply that 7 + C T dr.B and 7 + B ran(r) C B,. Given that
By = 3dr.B, € 7, we can first obtain 7 + dr.B, T B and then employ the rule Dom
to obtain 7 + C C B;. From the definition of J follows C € B{ .

- 11 C rp € T follows from the definition of #Z. If there are (C, BMran(r})) € r{ , then
7+ C C 3Jr;.B. After the application of Dom, we obtain 7 + C E dr,.B, and, by
the definition of 7, (C, B Mran(r))) € r{

— A = ran(r) € 7 is shown analogously to By = dr.B, € 7 for each direction.
Assume that A; Mran(r) € AZ, i.e., 7 + A, Mran(ry) C A. By rule GCI we again
obtain 7 + A; Mran(ry) C ran(r), and, by the definition of r*, (*,A; Mran(r|)) €
rI. Recall that ran(r)? = {b|(a,b) € r}. Therefore, also A; M ran(r;) € ran(r)’.
For the opposite direction, note that using ANpL and RanS ub, we can obtain from
7 + ran(r) C A the consequence A’ Mran(r;) C A with an arbitrary A’ and r; C r.



Since ran(r)? only contains elements of the form A’ M ran(r;) with r; C r, and, by
definition, AZ contains all elements A’ M ran(r;) such that 7 + A’ M ran(r) C A and
r; C r, it is easy to see that all elements of ran(r)’ are subsumed by A”. O

Lemma 5 (Cut Elimination). Let T be a normalized ELH,,, TBox, Cy,C, and Cs
ELH

van concepts. If T+ C1 E Cyand T + C, E Cs, then also T + Cy C Cs.

The proof is standard, and is structurally equivalent to that in [6].

For the subsequent theorems concerning the properties of SUB, we introduce the
following auxiliary function Pre : N¢ : 22" which allows us for any atomic concept
A to refer to all its subconcepts of a particular form, namely a conjunction of a minimal
required set of N¢ concepts. For each such conjunction, the set of its conjuncts is an
element of Pre.

Definition 6. Let T be an ELH,,, TBox and A € Nc¢. Pre(A) is the smallest set with
the following properties:

— {A} € Pre(A).

— For each M € Pre(A) and each B € M, if there is B= B, M ..M B, € T, then also
(M/{B}) U{By,...,B,} € Pre(A).

— Foreach M € Pre(A) and each B € M, ifthereis T |= B’ C B, then also (M/{B}) U
{B’'} € Pre(A).

Note that the sets M € Pre(A)/{{A}} do not contain A, since no equivalent N concepts
are present in normalized terminologies. Therefore the dependencies between N con-
cepts corresponding to Pre are acyclic. The concepts constructed by conjunction from
the sets M € Pre(A)/{{A}} can be elements of the set constructed in line 3 of Algorithm
m However, since the construction depends on 2, and there are also concept definitions
of the form 3r.B, they are not the only possible elements of this set.

In the following, we will make use of the limited interaction between concepts in
N¢ and concepts in N stated in the next lemma.

Lemma 6. Let T be an ELH,, TBox and C an ELH,

ran concept with sig(C) C sig(T),
but not syntactically present in T . Let B’ € Np. Then

1. Each sequent of the form C T B’, which has B’ T B’ as a direct antecedent, is either
a result of ANDL such that C = C' M B, or a result of GCI w.r.t. B = DEF(B’) €
EXT(7, C).

2. Each sequent of the form B’ T C, which has B’ T B’ as a direct antecedent, is either
a result of ANDR such that C = C’ 1 B, or a result of GCI w.r.t. B" = DEF(B’) €
EXT(7, C).

Proof. Note that concepts in Np are only allowed one definition and occur only within
definitions of other concepts from Np. Therefore, the interaction between concepts in
N¢ and concepts in Np is limited to the interaction between their definitions and N¢.
The only rules that admit the above form of antecedent and consequence are in case of
C C B’ AnpL, which requires the consequence to have a conjunction on the left-hand
side, and GClI, in which case the only axiom that could be used for the rule application



is B = DEF(B’) € EXT(7, C). In case of B’ C C, the situation is equivalent, except that
ANDR instead of AnpL is the applied rule. O

In the following, we consider only proofs with a minimal proof tree, i.e., proof tree
not containing any sequent twice on the same path. A direct consequence of the above
lemma and the fact that concepts in Np are only allowed one definition and occur only
within definitions of other concepts from Np, is the following theorem applying to finite
minimal proofs.

Theorem 5. Let 7 be an ELH,,, TBox and C an ELH,, concept with sig(C) C
sig(7"), but not syntactically present in T . Let A € Np. Then the following sequents are

not derivable without an application of the rule GClw.r.t. A = C' € EXT(7,C):

AC 3r.D,
ALCA,
drDCA,

A’ C A,

AT Micicn AL,
6. A”CA,

SR L~

where A’ € N¢,A! € Nc U Np,r € Ng,D and ELH'  concept, and A” € Np such that

ran

the rule GCl w.r.t. A” = C" € EXT(T, C) is not part of the proof for A” E A.

Proof. We show the proof for the first statement by induction on the proof length. As-
sume that EXT(7,C) + A T dr.D. Then rules Dom, Ran and GCI could be the last
applied rules. If Dom was the last applied rule, then A & 3Ir'.D’ for some ' and
D’ has also a proof. If for the derivation of A C 3#'.D’ an application of GCI w.r.t.
A = C’' € EXT(7,C) was required, then also for the derivation of A C dr.D. If Ran
was the last applied rule, then the theorem also follows from the induction hypothesis,
since A © 3r'.D’ for some r’ and D’ is again a sequent before the application of the
rule. If GCI w.r.t. B = C’ € EXT(7, C) for some concept B was the last applied rule, the
sequent before the application was one of the following:

— A C B. Ax, GCI and Dowm could be the last applied rules. If Dom was the last applied
rule, then A E 3r’.D’ for some r’ and D’ has also a proof and the theorem follows
from the induction hypothesis. If Ax was the last applied rule, then B = A and
therefore, the application of GCI w.r.t. A = C’ € EXT(7, C) took place. If GCI was
the last applied rule, then the situation is the same as above and, since the proof is
finite, one of the discussed cases will occur.

— A’ C DEF(B). If DEF(B) = Ar’.D’ for some ' € Ng and D’ € N¢ U Np, the theorem
follows again from the induction hypothesis. If DEF(B) = [ ],.;c, B} for B] € N¢ U
Np, then, additionally ANDR is applicable. The sequents before its application had
the form A T B]. If B = A, then Ax is applicable. However there must be also other
concepts in [ |, B!, since concepts from Np do not occur in non-equivalence
axioms and equivalence axioms with one atomic concept on both sides do not occur
in normalized terminologies. For this reason, there will be also at least one concept
B! # A and the sequent A C B must also have a proof. The other rules applicable
are GCI and Dowm, however the situation is the same as discussed and, therefore, the
theorem follows from the induction hypothesis.



The correctness of the remaining statement can be shown analogously.

Theorem 6. Let 7 be an ELH,,, TBox and C an ELH,,,
sig(7") such that
C= |_| Ajl_l |—| dre.Dy,
1<j<n 1<k<m
Further let A € Np and assume that DEF(C) = []i<jc, Aj T [ li<kem Ay With A} €
Np,A; = dn.D; € EXT(T,C), where D, is either in N¢ or in Np. Further, assume
EXT(7,C) + SYM(C) C A. Then one of the following is true:

1. There is A} = A.
2. Rule GCIw.rt. A = C’ € T is part of the proof.

concept with sig(C) C

Proof. We show this theorem by induction on the length of the proof. Only GCI, AxoL, Dom
could be the last applied rules within a proof of the sequent SYM(C) C A. If Dom was
the last applied rule, then dr.D T A for some r and D also has a proof. Due to lemma
[ol GCI w.r.t. A = C’' € EXT(T, C) is part of the proof. If ANDL was the last applied rule
and the sequent before the application has the same form,i.e., the left-hand side is a con-
junction, then the theorem follows from the induction hypothesis. Otherwise, if A’ is the
only remaining conjunct and it is in N¢, by Lemmal6| GCI w.r.t. A = C’ € EXT(7,C) is
part of the proof. If A’ is not in N¢, only GCI, Ax, Dom could be the last applied rules.
If Dom was the last applied rule, then the situation is as above and condition 2 is true.
Ax requires that A’ = A, which corresponds to condition 1. In the case of GCI w.r.t.
B = C’ € EXT(7, C) for some concept B, the sequent before the application was one of
the following:

— A’ C B,DEF(B) C A. If DEF(B) = Ar.D for some R € Ng and D € N¢ U Np, then
by Lemma[6] GCI w.rt. A = C’ € EXT(7,C) is part of the proof for the sequent
dr.D € A. If DEF(B) = [ |j<;<, B! for B, € Nc U Np, i follows from the induction
hypothesis, that either condition 2 is true, in which case also the theorem is true for
[Mi<ismen A} E A, or there is B = A. In the latter case, B corresponds to one of
A;.. This is due to the fact that for A” £ B also applies the induction hypothesis and
either there is A;{ = B, in which case the only definition for B has the form Elrk.D2
which contradicts with the previous assumption about B, or the condition 2 holds
for A’ C B, in which case the proof is not minimal or not final.

— A’ C DEF(B),B C A. The theorem follows from the last statement of Lemma
(that GCI w.r.t. at least one of the definitions DEF(B), DEF(A) is required) and the
assumption that the proof is minimal and final.

If GCI was applied w.r.t. B = C’ € EXT(7, C) for some concept B, then the situation is
the same as above, when A’ is the only remaining conjunct and GCI was the last applied
rule. a

Theorem 7. Let T be a normalized ELH.,, TBox, r, € Ng, A and A j € N¢c, C an

ELH,,, concept, Dy for 1 <k < ma set of ELH.,, concepts. Assume that

ran

C = |_| AJ-I_I |_| dry.Dy

1<j<n 1<k<m

and T | C C A. Then at least one of the following conditions is true:



(Al) Thereis Aj such thatT EA;C A

(A2) There is a subset M of {Aj|l < j <n}suchthatA =[]y cpyA;j€T.

(A3) There are ry, Dy and there exist ' € Ng,B’ € N¢ such that T E r, T ¥, T E
DyMran(r)E B and A=3r.B € T.

(A4) There is a set of Nc concepts M € Pre(A)/{{A}} such that for each B' € M holds
[i<jen Aj O Ni<kzm Are-Dr E B” and at least one of the conditions [Al]-[A3] holds
w.r.t. B" and the latter inclusion axiom.

Proof. If T | C C A, then EXT(7,C) + DEF(C) C A. We consider all rules, that could
have been the last rule applied in order to obtain the above sequent and show by induc-
tion on the length of the proof that, in each case, at least one of [A1]-[A4] is true. Rules
AxTopr, ANDR, RaN do not allow for a concept from N¢ on the right-hand side. In case of
the rules Ax and RanSus, the condition [A1] is an immediate consequence. It remains to
consider the rules ANpL, Dom and GCL. If DEF(C) is a conjunction [ | <., Bj, ANDL
could be the last applied rule. If one of the theorem conditions is true for the antecedent,
it is also true for the consequence, since 7~ F [i<j<pim Bj E [ li<j<nm—1 Bj and all B;
from the smaller conjunction are in DEF(C) as well.

If GCI w.r.t. C| = C;, € EXT(7, C) for some concept C', C} was the last applied rule,
then one of C}, C} has to be atomic in normalized TBoxes. Assume that C| is atomic.
If C} is in Np and the proof is assumed to be final and minimal, then by Theorem it
can only be one of B;. In this case, C}, = drx.SYM(Dy), and if condition [A3] or [A4]
holds for Ar,.SYM(D;) C A, it also holds for C C A. Note that 3r,.SYM(D;) C A is a
special case of the theorem, in which a subset of rules applicable to obtain the sequent
DEF(C) C A could be the last applied rule. Therefore, it follows from the induction
hypothesis, that one of the condition [A3] or [A4] holds for r;.SYM(Dy) E A.

If C| € N¢, then for DEF(C) C A holds [A4], if for DEF(C) C C] holds one of the
four conditions. If C7, is atomic but not C/, it cannot be in Np by Theorem|5| One of the
following was the sequent before the application of the rule:

- DEF(C) C Jr.D,C’, C A for some r € Ng and D € N¢ U Np, then, in addition to
the rules AnpL, Dom and GCI, Ran could be the last applied rule. In this case, if
one of the theorem conditions [A3] or [A4] w.r.t. C] holds for DEF(C) C dr.D’ with
D’ = D Mran(r), then they also hold for DEF(C) T 3r.D w.r.t. C,, in which case
[A4] holds for DEF(C) C A, since Pre(C’) C Pre(A).

— DEF(C) C [, B}, C) T A for B; € Nc U Np. In this case, ANDR could be the
last applied rule, in addition to three rules applicable for the original sequent. If
ANDR was the last applied rule, then [A4] holds for DEF(C) C A, if for each sequent
DEF(C) C B; holds one of [A1]- [A4], since Pre(B)) X ... X Pre(B;) C Pre(A).

If Dom was the last applied rule, then the sequents before the rule application were
DEF(C) C dry.Dy,ran(r;) 1 Dy © D,,dr,.Dy T A. For the last sequent, [A3] or [A4]
hold for dr,.D, E A by the induction hypothesis. Since r; € r, € 7 and EXT(7,C) F
ran(r;) M Dy C D,, the same condition holds also for dr;.D; C A. If DEF(C) consists
only of a single A; and EXT(7,C) + DEF(C) E dr;.D, was derived using only GCI
w.r.t. DEF(A;) and RaN, Dom, then the same condition holds for DEF(C) C A, since in
this case ry, T 71 € 7 and 7 [ ran(ry) 1 Dy T D;. Otherwise, GCI was applied w.r.t.
DEF(A’) for some A’ € N¢ for the same reasons as already discussed in case on GCI. In



this case, [A4] holds for DEF(C) E A, since from the induction hypothesis follows that
one of [A1]- [A4] holds for DEF(C) C A’ and Pre(A’) C Pre(A). a

Before we can prove the correctness of computing MGS, we introduce the following
structure, which is used as a basis for the induction in the subsequent proof. In the
following, we denote the set of sequents of a proof p as S(p) and the subset of S(p)
containing only sequents of the form C C A for A € N¢ and an ELH |, concept C as
S’(p). We refer to the right-hand side concept of a sequent b as Right(b).

Definition 7. Let T be an ELH,,, TBox, A € N¢ and C an ELH,,, concept. Further
let p be a proof for a sequent a = C T A. The corresponding RPG(p) is a tuple (N, E)
with the set of nodes N C S’(p) and the set of edges E C S’(p) X S'(p). We further
distinguish the elements of E into elements of Ex3 and elements of Ea4, which are

disjoint subsets of E. N and E are minimal sets with the following properties:

- a€N.

— For each b € N and each ¢ € S’(p) such that for b holds condition [A3] from
Theorem[7]w.r.t. ¢ holds: ¢ € N and (b, c) € Ez3.

— For each b € N and each M € Pre(Right(b)) such that for b holds condition [A4]
from Theorem[?]w.r.t. M holds: c € N and (b, c) € Eq4p for each c € M.

While the RPG(p) contains all possible dependencies, we are interested in tree-shaped
subgraphs of RPG(p) not containing any proper subsets of edge sets E44 3, but always
containing at least one outgoing edge, if a sequent does not fulfill [A1] or [A2].

Definition 8. Let T be an ELH,, TBox, A € Nc and C an ELH,, concept. Further
let p be a proof for a sequent a = C € A and (N, E) the corresponding RPG(p). A tree
with the set of nodes Ny C N and the set of edges E7 C E is a RP-tree (Reverse Proof
tree), if Ny and Et are minimal sets such that a € Ny and for each b € Nt either one
of [Al] and [A2] holds and {(b,b")|(b,b") € Er} = 0, or exactly one of the following

holds:

— There is b’ € Ny such that (b,b") € E7 3.
— There is M € Pre(Right(b)) such that b’ € Nr and (b,b’) € Eraaum for each
b eM.

Now we state that for each proof for a sequent of the form C C A for A € N¢ and
an ELH;,, concept C there exists such a tree.

Lemma 7. Let T be an ELH,, TBox, A € N¢ and C an ELH,,, concept. Further let

p be a proof for a sequent a = C CE A and (N, E) the corresponding RPG(p). Then there
exists a finite RP-tree such that for each (a,b) € E holds that b occurs in p before a.

We can now prove the first part of Theorem [2]

Theorem 8. Let SUBSL:v(A) be computed as stated in Deﬁnition Then the following
holds:

— For each C’ € SUB®L«v(A) holds sig(C') C X;
— For each A € N¢ and each EL concept C with T | C C A and sig(C) C X there is
a concept C' such that 7 = C E C" and MGS(A) = C’ LU C” for some concept C" .



Proof. To prove this theorem, we consider the general concept C = [, <<, AN |y <kpm I7%-Dik
with A; € N¢,r; € Ng and assume that sig(C) € 2 and 7 | C C A. We consider the
elements of SUBg(B), which, in case B € Ec,sma, are used to compose the quantified
fixpoint concept M(B), and, otherwise, coincide with the elements of SUB(B). If MGS
contains fixpoint concepts, then it can be represented by an infinite disjunction of &L
concepts which has the same semantics. We show the correctness of the above theorem
by iterating through the cases discussed in Theorem [7} We use induction on the depth
of the corresponding RP-tree. According to the definition of RP-trees, each node a is
a leaf, has one outgoing edge from ET 43, or has the complete set of outgoing edges
E7 a4.m for a particular M € Pre(ARight(a)). First, we show that, for sequents fulfill-
ing one of the conditions [A1] and [A2], i.e., the leaves of the RP-tree, the theorem is
true.

(A1) Thereis A; such that 7 = A; C A. In this case, A; is included into SUBg(A) in line
1, and therefore C’ = AwithC C C’.

(A2) There is a subset M of {Aj|1 < i < n}such that A =[],y A; € 7. In this case,
[ 1a,em Ai is included into SUBg(A) in line 3, which implies that C” = [ ],.¢) A; and
cccC.

Now we assume that a = C C A is a sequent within the RP-tree and the theorem is
true for all its successor sequents. Assume that a has an outgoing E7 43-edge to b =
D, Mran(r,) C D”, i.e., there are ry, Dy and there exist ¥, D’ such that 7 E r, C ¥/,
9 E DiynMran(ry) © D’ and A = 3r'.D’ € 7. Then, the theorem is also true for a
for the following reasons. If A = 3#'.D’ € 7 and 3#’.D’ is a X concept, it is included
into SUBg(A) in line 6, which implies that C’ = 37'.D" and C C C’. If 3r'.D’ is not
a X concept, either #/ € X or IV is not a X concept or both. If // € X, there is s with
7 E ri T s C ¥ such that, according to line 6, {ds.D”'|D"” € SUBF(D’)} C SUBs(A). If,
as assumed above, there is a D"’ € SUB(D’) such that 7~ | Dy Mran(r,) E D", it holds
that 7 = Jrp.Dy € ds.D”, since T | r C s. Subsequently, C’ = ds5.D".

Assume that a has the complete set of outgoing edges Er a4, for a particular M €
Pre(A) and for each successor the theorem holds. Each element of Pre(A) is either
a N¢ concept B such that 7 = B £ A, or a conjunction of N¢ concepts which is
a direct definition of A or obtained from such a definition by replacing concepts by
their N¢ definitions or N¢ subconcepts. For N¢ concepts B, SUBr(B) , and therefore the
corresponding C” with 7~ E C C C” is directly included into SUBg (A) and corresponds
to C’. For N¢ concepts occurring within the N¢ definition of A, the conjunction of such
concepts C! is included in line 3 into SUBs(A), and therefore, C’ = [, C/’. Since
the elements M; of Pre(A) form a tree w.r.t. C-relation applied to the corresponding
concepts constructed from each M;, we can show by induction that, if, for some M; €
Pre(A) holds that there is a concept C;” such that 7 = C C C./i’ for each B; € M;, then
there is also such a concept C” with 7 | C T C’, which is an element of the disjunction
MGS(A) due to line 1 or line 3. m|

Theorem 9. Let T be a normalized ELH.,, TBox, ry € Ng,A € Nc and Dy, C ELH,,,
concepts. Assume that C = Ar.Dy and T = A T C. Then there is B € N¢ such that
T EAC Band B= 3r.D' € T for some ¥ € Ng and D' an ELH,,, concept with

T ErCriandT E ran(r)N D’ C Dy.



Proof. We will make use of the limited interaction between concepts in N¢ and con-
cepts in Np to show that B € N¢. From the latter fact also follows that B= 3r'.D" € T,
since the above extension of 7~ does not allow new definitions for concepts in N¢. In
the following, we use induction on the length of the proof. In principle, the last ap-
plied rule for deriving the sequent A © dry.Dy could be any rule except ANDR, ANDL
and Ax, AxTop. First, we consider the rules Dom, RaNSuB, and Ran, that could be ap-
plied last to obtain EXT(7,C) + A T dry.Dy. Assume that the condition of the theorem
holds for the antecedent. In case of RanSus, A = ran(r,). If we assume that the con-
dition was true for ran(r;) T Jr;.Dy, then it is also true for ran(r,) © dry.Dy, since
9 E ran(r,) C B. And in case of RaN, if we assume, that the condition holds for
A C drg.D, then it also holds for A T dry.Dy, since 7 | ran(#’) M D" T D implies
g E ran(#’) M D’ C ran(r;) N D due to 7 E ran(7’) C ran(r,). If Dom was the last
applied rule, then the condition holds, if either 7 = r; E ry and 7 | ran(r;) M Dy E Dy
and the condition holds for the sequent A C 3r;.Dy, or for the sequent 3r,.D, € Ary.Dy,
holds the corresponding condition, i.e., there is B € N¢ such that 7 | dr,.D, E B
and B = 3r'.D’ for some 7’ € N and D’ an ELH,, concept with T | #/ T r; and
7 E ran(r’) M D’ C Dy. The same situation appears also when the rule GCI is applied,
therefore we now consider GCI and the corresponding situation.

If GCI was the last applied rule, then the sequent before the application of the rule
was 7 + A C Dy D, C Ar.Di. Note that in normalized TBoxes, at least one of
Dy, D, is an atomic concept. If D, is atomic, then D, € N¢ due to Theorem E] and
the assumed minimality of proofs, and the condition of the theorem holds, if it holds
for D, C Ari.Dy. If D, is atomic (and therefore also in N¢) and D, is of the form
dr.D, then either 7 | r C ry and 7 E ran(r) 1 D T Dy, in which case D; is such a
concept B as required in the condition of the theorem, or the same condition holds for
9 v+ dAr.D C Ar,.Dy, i.e., there is B € N¢c such that 7 = dr.D C B and B = 3r'.D’ for
some r’ € Ng and D’ an ELH,, concept with 7 | v C ry and 7 [ ran(z’) M D’ C
Dy. The last rule applied to derive the sequent 7~ + 3r.D E dry.Dy could be one of
the rules GCI, RaN, Dom, which can be considered in the same way as for the sequent
A C dri.Dy. Additionally, it could be Ax, in which case r, = r and Dy = D, and D,
again corresponds to the concept B specified in the condition of the theorem. If D, is a
conjunction of atomic concepts [ |;<;<, A;, then the conditions holds, if there is B € N¢
such that 7  [1;<<, Ai CE B and B = 3r.D’ for some r’ € Ng and D’ an ELH,,
concept with 7 | ¥ € ry and 7 E ran(7’) 1 D’ € Dy. In this case, also the same
rules could have been applied last except for RanSus, and additionally AnpL. If ANpL
was the last applied rule, and we assume that the condition holds for the antecedent
[ Ni<i<n—1Ai E Jry.Dy, then the condition also holds for [ 1., 1 Ai M A, T Ire.Dy,
since 7 = [ 1<icne1 Ai MM AL E [ i<icn1 Aie O

We can now prove the second part of Theorem [2]

Theorem 10. Let SUPELuv(A) be computed as stated in Deﬁnition@ Then the follow-
ing holds:

— For each C’ € SUPELuv(A) holds sig(C') C X;
— For each A € N¢ and each EL concept C with T | A C C and sig(C) C X there is
a concept C’" such that 7 = C' E C and MSS(A) = C’' 1 C” for some concept C" .



Proof. To prove this theorem, consider the general concept C = [, <;<, A;M[ |y <k I7-Di-
Then, 7 | A C C, iff for each conjunct C; of C holds 7 | A T C;. We consider the
elements of SUPg(B), which, in case B € Ec,sup, are used to compose the quantified
fixpoint concept N(B), and, otherwise, coincide with the elements of SUP(B). If MSS
contains fixpoint concepts, then it can be represented by an infinite conjunction of L
concepts which has the same semantics as MSS. If C; is an element of N¢, then according
to line 1, it is included into SUPg(A) and, therefore, corresponds to C’. If C; = Ary.Dy,
then, by Theorem@], there is B € Nc suchthat 7 E A C Band B = 3r'.D’ for some
¥ € Ngand D’ an ELH,, concept with T | ¥ C rpand 7k ran(r’) M D’ C Dy. If
B € X, then B € SUPg(A) and C’ = B. Otherwise, according to line 1, SUPs(A) contains
the elements of SUPg(B). In case of Ec,sup concepts, the corresponding variable X(B)
is a direct element of SUPg(A), which implies that all direct elements of SUPg(B) will
be elements of the infinite conjunction represented by SUP(A). If 3r/.D’ is a 2’ concept,
then C’ = 3r'.D’. Otherwise, either ¥’ € 2 or D’ is nota ~ concept or both. If ' € >,
there is s with 7~ |= ' £ s C ry such that, according to line 6, 3s.([ |cvec C”') € SUPs(A)
for C = {C"” € SUPp(B)|T E ran(+’) M D’ C B’}. Since 7 E ran(#’) 1 D’ C D, and
Dy € X, Dy will be an element of C. Therefore, C’' = 3s.([ |crec C7)- |

B Proof of Theorem

Lemma 8. Let C,D two EL concepts and r € Ng and assume that C = [i<jc, Aj 1N
[ i<t<m A7x-Di with 1 € Ng,A; € N¢ and Dy a set of EL concepts. T = C E Ir.D, if
one of the following conditions is true:

1. There are ry, Dy such that T E ry C rand T | ran(ry) N Dy E D.
2. Thereis B€ N¢ suchthat7 ECC Band 9 E BC 3r.D.

Proof. We use the extension EXT(7, {C, dr.D}) and proof the theorem using the proof
system presented above by induction on the length of the proof. By Theorem[d] EXT(7", {C, 3r.D}) +
SYM(C) C SYM(Ir.SYM(D)). In the following, we denote EXT(7, {C, Ar.D}) as 7, SYM(C)
simply with Cy, SYM(r.SYM(D)) with D and SYM(D) with D’.

The last rules applied to derive the sequent Cy © D; could be Dom, GCI and Ax. In
case of Ax, condition 1 is an immediate consequence. In case of GCI w.r.t. C| »< C; for
some concepts Cy, C,, at least one of the concepts has to be atomic. If C; is atomic and
C| € Np, then from Theorem [6] follows that it has to be one of Ay = DEF(r¢.Dy). In
this case, the theorem is true, since C, = DEF(dry.Dy) and condition 1 or 2 for C, C Dy
follows from the induction hypothesis. If condition 1 holds for C, T Dy , then it also
holds for C; C Dy, since 7 E ri, T rand 7  ran(r) M D, C D. If 2 holds for C, C Dy,
i.e., there is B with the corresponding properties, then it also holds that 7 = C; E B
and therefore, condition 2 holds. If C; € N¢, C; corresponds to B and the the theorem
is true.

If C, is atomic, then from Theorem [§] follows that it can not be in Np, if we assume
that the proof is finite and minimal. If C, € N, then the theorem is also true, since
7 EBLC Dy.

If Dom was the last applied rule, then the two sequents Cy E dry.Dy, dr,.Dy T Dy
have been derived before the rule application. From the induction hypothesis follows



that for each of the two sequents, one of the theorem conditions holds. If for both holds

1, then also for C; C Dy, since ry E r, € 7 and ran(ry) M Dy E D, was the third sequent

derived before the application of Dowm. If at least for one of the two sequents condition

2 holds, then it also holds for C; C Dy, since C; & BC D;. m]
We now restate and prove the claim of Theorem [3]

Theorem 11. Ler UL(T,X) be constructed as in Definition |3| using SUPEL«0»(A) and
SUBS4u(A). Then UL(T, 2) =5 7.

Proof. By definition, UL(7,2) =5 7, if for all EL concepts C, D with sig(C)Usig(D) C
2 holds 7 E CC D, iff UI(7,2) E C C D. We start with the if-direction and consider
two general concepts C, D with sig(C) U sig(D) € 2. Assume that C = [, A; M
[ Ni<k<m I7e-Di With 7, € Ng,A; € N¢ for 1 < j < n and Dy a set of EL concepts. If
D is a conjunction, then UL(7,2) = C T D holds, iff for each conjunct D; of D holds
UL(7,2)ECC D,

If D; € N¢, then, by Definition |3} C; C D; € UL(7,2) for all C; € SUB®Lwwr(D;).
Therefore UL(7,2) E MGS(D;) C D,. By Theorem (8| there is a concept C’ such that
7 E CC C’" and MGS(D;) = C’ LU C” for some concept C”. Therefore, also UL(7,2) E
CCD,.

If D; ¢ N¢, but has the form 3r'.D’ for some r’ € Ng and an EL concept D’ with
sig(D") € X', then we can show by induction on the role depth of C that UL(7,2)
C C D;. If the role depth of C is 0, i.e., it does not contain any existential quantifiers,
then condition 2 of Lemma holds, i.e., there is B € Nc suchthat 7 E C C B C
37.D'. If B € X, then by Deﬁnition C’' C D e UL(T,2) for any C’ € SUB(B) and
D’ € SUP(B). By Theorems [§|and [I0] there are such C” and D’ with 7 = C C C’ and
TEDCIAWD. T ECEC impliesUL(7T,2) ECEC'and T E D' C Ar.D’
implies UL(7,2) D’ € 3r'.D’, then also UL(7,2) = C € 3r'.D’. If B € X, then
by Definition[3] ¢’ £ B € UL(T,2) for any C’ € SUB(B) and B C D’ € UL(T,2) for
any D’ € SUP(B). Therefore, also in this case, UL(7,2) e CC AF.D'if T ECC C’
implies UI(7,2) ECC C’ and 7 E D’ C 3r'.D’ implies UL(7,2) = D’ € 3r'.D’.

To see that UI(7,2) | C C C’ for C’ € SUB(B), we refer to Theorem [7] by which
either A1 or A2 holds for C C B, in which case UI(7,2) E C C (' is a direct con-
sequence of the inclusion axioms formed using SUB(B), or there is M € Pre(B) such
that A1 or A2 holds for each B; € M. In the second case, we can easily determine the
corresponding M’ € Pre(B) such that M’ C 2 and [ |4 A € SUB(B) by replacing all
elements of M by their subconcepts or conjunctions until all elements are in 2. Since
this corresponds to the procedure of Algorithm I} we can set [ |4cpr A = C’, in which
case the statement UL(7,2) = C E C’ is a direct consequence.

To see that UL(7,2) | D’ € 3¢'.D’ for D’ € SUP(B), we again refer to Lemma
in which again only condition 1 is possible. Since the signature of 7 is finite, there
is a finite set of atomic concepts A; with 1 < i < n ordered by C such that 7  A; C
A;y1 T A¥.D’ for each i and there are r”/, D" such that 3r"”.D"” € SUP(A,) and for
37.D’ T 3r'.D’ holds A3 of Theorem[7] Then UL(7,%) E B € A,, from which follows
UL(7,2) E BC A¥'.D' and UL(7,2) | I¥'.D’ E Ir'.D’ is easy to see, since the role
hierarchy of UI(7,2) contains all role subsumptions for roles in 2 and it holds that
UL(T,2)ErCr.



Now assume that the role depth of C is not 0. Then, by Lemma@ also condition 1 is
possible, in which case there are ry, Dy such that 7 | ry C rand 7  ran(r,)MDy T D’.
By induction hypothesis, UL(7",2) k ran(r;) M Dy E D’. Then also UI(7,2) = C E D;,
since the role hierarchy contains all role subsumptions for roles in 2 and it holds that
UIL(7,2) E r E r. It remains to consider the case that the role depth of C is not 0
and the condition 2 of Lemma | holds. Here, we show by induction on the depth of the
corresponding RP-tree that UL(7,2) | C E D;, the leaves of which are nodes A; with
Al or A2 of Theorem|[7]applying to C C A;. Assume that D; is such a leaf. Then one of
the following is the case:

(A1) Thereis A; such that 7 = A; C D;, in which case also UI(7,2) F A; C D;, since
A; C D; e UI(T,2). Therefore, UI(7,2) F C C D;.

(A2) There is a subset M of {Aj|1 < j < n} such that D; = [—|A/EM Aj € 7. In this case,
|_|A/€MAj C D, € UL(7,2) and, therefore, UL(7,2) = C C D,.

Now we assume that a=C’ C D; is a sequent within the RP-tree and the UL(7,2) |
b is true for all its successor sequents b = C”” C C’. Assume that g has an outgoing
Era3 edge to b = Dy Mran(ry) E D", i.e., there are ry, Dy and there exist 7/, D" such
that 7 Er Cr,T E DyMran(r,) T D and A = 3r.D’ € 7. Then also UL(7,2) E a,
since the role hierarchy contains all role subsumptions for roles in 2, therefore it holds
that UL(7,2) = C 7.

Assume that a has the complete set of outgoing edges Er a4, for a particular M €
Pre(D;) and for each successor b; holds UL(7,2) E by. Each element of Pre(D,) is
either a N¢ concept B such that 7 = B £ D;, or a conjunction of N¢ concepts which
is a direct definition of D; or obtained from such a definition by replacing concepts by
their N¢ definitions or N¢ subconcepts.

For N¢ concepts B, SUBE(B) , and therefore the corresponding C”” with7 = C E C”
is directly included into SUBg(A) and corresponds to C’. For N¢ concepts occurring
within the N¢ definition of A, the conjunction of such concepts C;’ is included in line
3 into SUBg(A), and therefore, C’ = [ ], C/’. Since the elements M; of Pre(A) form
a tree w.r.t. C relation applied to the corresponding concepts constructed from each M;,
we can show by induction that, if, for some M; € Pre(A) holds that there is a concept
C! suchthat 7 | C C C}’ for each B; € M;, then there is also such a concept C” with
7 E C C C’, which is an element of the disjunction MGS(A) due to line 1 or line 3.

For the only-if direction, is easy to see, that all inclusion axioms contained in
UI(7,2) are consequences of 7. a

C Proof of Lemmas 2 and

Lemma 2] follows directly from the following lemma:

Lemma9. Let A € Zcsyp U Zcsus, C1 € SUB(A) and Cy € SUP(A). Let T be an EL
TBox with sig(T") € 2 such that 7' =5. T. Then there is a concept A’ € Nc \ {A} and
there are two EL concepts C| € SUB(A") and C, € SUP(A’) such that T | C1 E C| and
T EC,CC,.



Proof. If 7' = C; C C,, then a consequence-driven classification of the TBox EXT(7 ", {C, C,}
would yield SYM(C;) £ SYM(C). Since our proof system in Fig. 2] does not allow for
fixpoint constructs, we extend it with the following rules:

CLC D,

=" (kR
cco 0D, R

(Grrl)

C(vX.C(X)) EvX.C(X)

(Lrrl)
uX.C(X) CE C(uX.C(X))

(Grpr2)

vX.C(X) C C(vX.C(X))

(Lrp2)
C(uX.C(X)) E uX.C(X)

CA)C A
UX.C(X)C A

AC CA)
ACvX.C(X)

uX.CX)C A
uX.C(X)E C(A)

A CvX.C(X)
C(A) CvX.C(X)

Ci(A)CA (C(A)CA
uX.(CiX)UC(X)EA
In [L1] it has been shown that each concept using the mutual fixpoint constructor has
a corresponding non-mutual representation, therefore, we restrict the proof system to
the more simple rules for non-mutual fixpoint constructors. In the above rules, C(A)
denotes a concept, in which A occurs at least once within an existential quantification.
The correctness of the rules can be seen easily, the completeness can be shown analo-
gously to Theorem 4] by constructing the canonical model and showing that, if for some
A, B € N¢ the subsumption cannot be deduced, then the subset relationship also does
not hold in the model. First, note that, on the one hand, 7 is an &L TBox. Therefore,
the inclusion Cy C C; is derived using only L axioms. On the other hand, the two
concepts C| € SUB(A) and C, € SUP(A) are never both LFP (Least FixPoint)-concepts
or both GFP (Greatest FixPoint)-concepts. Therefore, the subsumption between them
cannot be derived using only rules Lrpl, Grrl, Lrr2, GFp2. A close look at the above
proof system extension reveals that the rules LrrA1, GFPA1, ORLFp are the only rules
deriving consequences containing fixpoint concepts from a set of &L sequents. In all
these rules, the sequents before the application of the rule must be cyclic inclusion
axioms for a particular atomic concept A’. The EL concept C(A”) structurally corre-
sponds to the resulting LFP- or GFP-concept, i.e., the fixpoint concept is obtained from
C(A’) by replacing all occurrences of A’ within C(A”) by a concept variable. Moreover,
A’ € N¢ \ {A}, since C; € SUBy(A) and C, € SUPy(A). As argued above, no inclusion
axioms with an GFP-concept only on the left-hand side or with an LFP-concept only

(LrPAT)

(GrPA1)

(LrrA2)

(GrPA2)

(OrLFP)



on the right-hand side can be derived unless the TBox contains such inclusion axioms.
Since additionally C(A’) is an EL concept, the inclusions C(A’) CE A" or A’ € C(A")
were derived using only &L inclusions. For the same reason, the concept C} in SUB(A’)
such that due to Theoremthe inclusion C(A’) C C7 holds, is an &L concept. The argu-
mentation for C, =€ SUP(A’) being an EL concept with C T C(A’) is analogous. O

Lemma It remains to prove Lemma which claims that if SUP(A) for A € ) c.sup OF
SUB(A) for A € EC,SUB together with any concept C is in one set M € Ryay, it is contained
in all M € Ryax. Assume that there exists an EL TBox 7 such that 7’ = C; C C, for a
non-&EL concept C; € SUBy(A), for instance. Assume that (Cy,C;) ¢ () Ruax. We know
that there is at least one set M; € Ryux such that (Cy, C,) € M;. Then, there must be a
second set M, € Ryax such that (Cy, C2) ¢ M. We know from Lemma [J] that there is a
concept A’ # A and there are two EL concepts C| € SUB(A’) and C’, =€ SUP(A’) such
that 7 = C; E C] and 7 | C), C C. Assume that (C},C}) ¢ M,, then it follows that
(C1,C2) € My, since C| C Cj is a justification for C; £ C; and the set M, is maximal,
i.e., no axioms can be added to it without loosing consequences in 7. Assume that
o, C;) € M, then C 1 must be an LFP-concept, which contradicts with the assumption
of Lemma@ To see that C] must indeed be an LFP-concept, consider the rules for the
extension of &L with fixpoints. As argued in the proof for Lemmal9 LFP-concepts can
only appear on the right-hand side in inclusion axioms, if the concept of the left-hand
side of the axiom is also an LFP-concept. |
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